SIAM J. CONTROL OPTIM. (© 2010 Society for Industrial and Applied Mathematics
Vol. 48, No. 5, pp. 3191-3223

A NOVEL FORMULATION OF THE ADJOINT METHOD IN THE
OPTIMAL DESIGN OF QUANTUM ELECTRONIC DEVICES*

A. F. J. LEVIT AND I. G. ROSEN?

Abstract. The adjoint method is used to efficiently and accurately compute gradients with
respect to the design parameters in the identification of optimal designs of electronic devices whose
physical behavior is determined by solutions of the Schrodinger equation. In this study, the optimal
design problem is formulated as the minimization of a least-squares performance metric. Key to our
approach is the use of finite dimensional approximation based on the propagation matrix method and
the reformulation of the underlying boundary value problem for an approximating time-independent
Schrédinger equation as a terminal value problem. In this way the efficient computation of highly
accurate gradients (i.e., with zero truncation error) required for optimization becomes amenable to
the use of the adjoint method as it is typically applied in the context of evolution equations. The
numerical stability of the method and the convergence of the approximating solutions to the state
equations and their gradients with respect to the design parameters as well as the convergence of the
solutions to the optimal design problems themselves are all rigorously established.
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1. Introduction. Nonconvex optimal design can be used to discover nonintu-
itive configurations of atoms, molecules, and nanoparticles with a desired function-
ality determined by quantum mechanics [1]. A significant challenge in adoption of
this methodology is the creation of computationally efficient design tools. With this
in mind, we develop an efficient and accurate scheme for the determination of locally
optimal designs for a prototype electronic device. More specifically we consider the
optimal design of an electronic semiconductor device whose conduction band potential
profile V(z) can be fabricated with great accuracy in the crystal growth direction z.
The design parameters are the values of the potential at each atomic layer, and the
design criterion is a desired functional relationship between an applied voltage bias
Vbias and electron transmission 7. In the case of a resistor, by virtue of Ohm’s law,
this functional relationship is linear. Here, on the other hand, we are interested in
devices that yield much more general functional relationships.

The determination of an optimal design will involve the solution of a constrained
minimization or maximization problem in which the constraints involve solutions to
boundary value problems for dynamical systems. Moreover, the design parameters
will appear as coefficients, inputs, gains, etc. in the underlying differential equations.
Our approach will use a form of the adjoint method to efficiently and accurately
compute gradients with respect to these design parameters that are required when
the resulting optimization problems are (necessarily) numerically solved. Key to our
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approach is the use of finite dimensional approximation based on the propagation
matrix method and the reformulation of the underlying boundary value problem for
an approximating time-independent equation as a terminal value problem. In this
way the efficient computation of highly accurate gradients required for optimization
becomes amenable to the use of the adjoint method as it is typically applied in the
context of evolution equations. We are able to rigorously establish the numerical
stability of the method and the convergence of the approximating solutions to the
state equations and their gradients with respect to the design parameters as well
as the convergence of the solutions to the resulting approximating optimal design
problems to an optimal design for the original infinite dimensional device.

Practical implementations of our designs will likely exploit the fact that V(z) in
modern semiconductor materials such as Al¢Gai_¢As can be controlled with atomic
layer precision in the z direction using techniques such as molecular beam epitaxy.
In Al¢Gai_¢As the average value of local potential energy in each atomic monolayer
is determined by the fraction £ of Al. The behavior of electronic devices with lay-
ers that are a few nanometers thick may often be characterized by ballistic electron
transmission probability T, as a function of applied voltage bias Viias. (The precise
definition of the transmission coefficient T' is given in section 2).

We formulate a design problem in terms of identifying designs for V(z) that
result in locally optimal electron transmission characteristics T = T'(Viias). The
design criterion is formulated in terms of the squared difference between the desired
and observed performance of the device. We solve the optimal design problem by
seeking local minima via a gradient-based search.

Although in classical optimal design there is an obvious preference for global
minima, in the problem of interest to us here, we are motivated to develop highly
efficient methods for identifying local minima. The parameter space can be of high
dimension, and the optimization landscape can be rather complex and nonconvex.
Consequently, a truly random search technique for a global optimum, such as a ge-
netic algorithm, is likely to be untenable. A more pragmatic approach is a highly
efficient local exploration of potentially promising subsets of the design space first
identified by parallelized random search. In light of this, we have concentrated our
efforts on developing numerically stable, convergent, and computationally efficient
methods for evaluating the gradient of the performance index with respect to the
design parameters.

The underlying physics of a nanoscale device are at the quantum level, and there-
fore the performance constraints will be described by the Schrédinger equation. When
the underlying constraints involve differential equations, one typically relies on some
form of finite-difference approximation to make the optimization problem amenable
to numerical solution and to make use of the adjoint method to facilitate efficient and
accurate computation of gradients. In such cases, careful attention must be paid to
convergence and stability. For the design problem of particular interest to us here, we
have developed a numerically stable and convergent reformulation and approximation
of the underlying two-point boundary value problem constraints as a discrete terminal
value problem that allows us to maximally exploit the power of the adjoint method
for the efficient and exact (i.e., no truncation error) computation of gradients.

The optimal design of nanoscale devices of the type of interest to us here has
been studied previously by different authors in [2] and [3]. The work we report on is
most closely related to the effort described in [2], where an exhaustive search method
was used to solve the optimization problem that results when the design problem is
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formulated as a nonlinear least-squares fit to a desired performance. This approach
is highly computationally intensive and hence impractical for implementation as a
design tool.

In [3] the authors propose a sequential linear programming—based algorithm for
finding the potential energy profile that produces the desired transmission coefficient
performance in the presence of parameter uncertainty. They formulate an appropriate
robust stochastic optimization problem for which their sequential linear programming
scheme can be used to find locally optimal solutions. In so far as both our approach
and the approach taken in [3] find local optima, it is worth noting that for the same
design problem, the two schemes find similar but not identical optimal potential pro-
files.

A brief outline of the paper is as follows. In section 2 we define and formulate
the optimal layered potential design problem of interest to us here. In particular,
we present the quantum mechanical basis for the underlying physics of the devices
we are interested in designing and precisely formulate the performance measure we
wish to optimize in terms of the transmission function or coefficient. In section 3
we develop a finite dimensional approximation scheme for the underlying two-point
boundary value problem that must be solved to evaluate the transmission function,
and we show how it can be combined with a computationally efficient adjoint method
for computing the analytic gradients used to find locally optimal potential profiles. In
section 4 we demonstrate the numerical stability of our method, and we establish a
subsequential convergence result for the sequence of approximating optimal potential
profiles as the level of discretization tends to infinity. We establish the differentia-
bility of the approximating optimal design least-squares performance indices and the
convergence of their gradients. In section 5 we present the results of some of our
numerical studies in which we determine locally optimal potential profiles for devices
exhibiting linear, quadratic, and square root transmission characteristics. Section 6
includes some discussion of our results and a few concluding remarks.

2. The optimal design problem. We consider a layered nanoscale semicon-
ductor electronic device schematically configured as shown in Figure 2.1. The device
is assumed to be of total thickness L and to consist of N layers. For ¢ =1,2,..., N,
the ith layer begins and ends at positions x;_; and x;, respectively, and is of thickness
L; =x; —x;—1. It follows therefore that x5y — zo = L. The local potential energy in
the i¢th barrier layer is assumed to be U;, with ¢ = 1,2,..., N. For x < x¢, the local
potential energy is assumed to be Uy, and for z > z, it is assumed to be Uy1. We
assume that a single electron propagating from —oo is incident upon the left boundary
of the device at z( and that a voltage bias Vjias is applied across the device.

Typically, application of the voltage bias illustrated in Figure 2.1 has the effect of
creating an accumulation of charge on the left side of the barrier layers and a depletion
region on the far right. Obtaining the precise form of the resulting potential energy
profile V(x) requires the solution of an appropriate Poisson equation [4]. However, for
our purposes here, we assume that the thickness of the depletion and accumulation
layers is sufficiently small so as to allow for linear approximation. Consequently, the
static potential energy profile takes the form

Uy, —o0 < z < Zo,
N

(21) 14 ((E) = V("mUa Vbias) - ZUJXJ (x) - Vbiaswzwoa o S X S IN,
j=1

Un+1 — Vbias, TN < T < 00,
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Fic. 2.1. A layered nanoscale semiconductor device (left) and the device with a bias voltage
Vbias applied across it (right).

where U = {Ui}fil describes the local layer potentials. For each j =1,2,..., N, x;
is the characteristic function corresponding to the jth subinterval, [z;_1, z;]. That is,

N 1, Tj—1 <z < ZTj,
X; (@) = { 0 otherwise.

The interaction of the electron with the potential V' (z) is described by solving for the

electron wave function ¥ in the Schrodinger equation

B h? 0%V (z,t)
2mg  O0x2

.. OV (z,1)

(22) IFLT,

+V(x) ¥ (z,1)

where i = 1.05492 x 10734 J is Planck’s constant, mg = 9.10938188 x 10~3! kg is the
bare electron mass, and i = v/—1. In a semiconductor the bare electron mass is often

replaced by an effective electron mass m*. Charge density flux dp.(z,t)/0t is given
by [5]

dp. O 0(VW)  _9v 9P
o ~ ot o o " Var

:\I/{ f 62—@+iV(x)qf}+\If{iaij —lV(x)\If}

 2mgi 022 | iR 2moi 022 ih

2.3) _ ai{qjaxp \Ijaxp}’

S Ox2mei | 0z Oz

where unit electron charge is assumed, the potential energy function V(z) is taken
to be real, and we make use of the Schrodinger equation (2.2). If we define current
density 7 = j (z,t) by

(2.4) Flat) = {\I, o) 2@ g, 0T } |

2moi ox ox

(2.3) and (2.4) together then yield the differential relation

dp. 0j

(2.5) 5 + 9z

0,
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which is a continuity equation. In this way, (2.5) becomes a statement of conservation
of current.

The transmission coefficient T of the device is then defined to be a ratio of current
densities as

Jtrans

(2.6) T =T (Viias, U) =

3

Jinc

where j’trans is the current density transmitted from the device at x = xn and j’im
denotes the current density incident upon the device at z = xg.

Since the potential V(z) is independent of time, (2.2) admits a solution of the
form W (z,t) = ¥ (z) ¢ (t) which can be found via separation of variables. The time-
dependent factor, ¢ (t), must satisfy the equation

., O0p(t

220 _ pe )
and is therefore given by
(2.7) p(t) = e 'R,

where F, the separation constant, is the sum of electron kinetic and potential energy.
For the conservative system we consider, energy F is a constant of the electron motion.
The time-independent wave function ¥ (x) is then found as the solution to the second-
order ordinary differential equation (time-independent Schrédinger equation) given by

R Py(a)

C2mg  da?

(2.8) +V ()¢ (x) = E (z).

With the potential V(z) as given in (2.1), on the intervals —oco < x < xo and
N < x < 00, the general solution to (2.8) is given by

(2.9) Yo (x) = Agel*o® 4 Bye~kor
and
(2.10) Yy (z) = ANJrleikNﬂ(w*wN) + BNJrlefikz\zﬂ(wfzz\;)7

ZmQ(E—Uo) _ Qmo(E—UN+1+Vbias)
72 = 2

respectively, where k2 = , k% 1 , and the in general
complex coefficients, Ay, By, Ant1, Byi1, are determined by the boundary condi-
tions. We assume that £ > Uy and E > Un4+1 — Vpias. The latter two assumptions
are made to ensure that the time-independent Schrédinger equation (2.8) admits ex-
ponential solutions of the form (2.9) and (2.10) on the intervals —oo < z < xy and
xy < x < 00, respectively, as opposed to polynomial (i.e., linear) solutions. For ease
of exposition and clarity, we exclusively treat the exponential case here. However, our
general approach may be readily modified to handle the polynomial case as well.

Combining (2.7), (2.9), and (2.10), it is clear that for —oco < z < zp and xy <
2 < 00, the time-dependent wave function ¥ (x,t) = 9 (x) ¢ (t) is of the form

(211) v (x,t) = Aoeiko(wf%t) + Boe*iko(er%t)
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and
(2.12) VU (r,t) = AN+16ikN+1(I_IN_%t) + BN+1€_ikN+1(I_rN+%t)7

respectively. In this way, the wave function can be viewed as the sum of left and
right propagating wave amplitudes. Moreover, as a result of the significant likelihood
of reflection at interfaces across which there is a significant change in the electron’s
velocity, it is clear that the second term in (2.11) and the first term in (2.12) repre-
sent the cumulative sum of the interference effects that result from, respectively, the
reflected and the transmitted amplitude at each change in the spatial potential V' (z)
of the device.

With the time-dependent wave function on the intervals —oo < x < =z and
Ny < & < oo written in the form of (2.11) and (2.12) it is now straightforward to
identify the relevant boundary conditions and to obtain an explicit expression for the
transmission coefficient T’ given in (2.6). Indeed, it is immediately clear that |Ao|
is the amplitude of the electron wave function impinging on the left boundary of
the device at * = zg. Hence, for an electron incident from the left, |AO|2 =1, and
since there is neither transmission nor reflection from x = +o0o we require By4+1 = 0.
Furthermore, from (2.4), (2.11), and (2.12), an easy calculation yields the following
expressions for the transmitted and incident current densities:

hko 2

. hkn 1 A
* |AN+1|2 and jinc:m_0|A0| .

(213) jtrans =

Combining (2.6) and (2.13), we immediately obtain

knJrl |AN+1 |2

(214) T=T (Vbias) =T (VbiaSa U) =
ko | Ao|?

A typical design problem might involve determining layer potentials, U;, with ¢ =
1,2,..., N, which yield power law-like transmission characteristics. For example, if
one desired an essentially ohmic response, one would seek layer potentials that produce
a transmission function that is linear over a specified range of bias voltages, Vinin <
Vbias < Vinax- Other design problems of interest might involve, for example, finding
layer potentials which yield either quadratic or square root transmission characteristics
over specified intervals of bias voltages.

As an initial approach, we formulate the optimal design problem mathemati-
cally as a constrained least-squares fit to a given desired transmission function Ty =
To (Vbias) defined on the interval Vipin < Vhias < Vinax. More precisely we seek lo-
cal layer potentials U = {U;},, with Uy, < U; < Uy and i = 1,2,..., N, which
minimize the least-squares functional

(2.15) J(U) = |To (V;) =T (V;, U,
j=1

where T' = T'(V;;U) is given by (2.14) with Viias = Vj, and Viin < V; < Vinax,
j=1,2,...,v, are given arbitrarily spaced bias voltages in the interval [Viyin, Vinax]-

3. Solving the optimal design problem and the adjoint method. The
optimal design problem formulated as a least-squares fit to data will be solved nu-
merically by finding local minima via gradient-based steepest descent or Newton’s
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methods. To do this we require accurate and computationally efficient ways to cal-
culate T (Viias, U) at Viias = V; and U, and the gradient of the performance index
J given by (2.15), VJ (U), for a given choice of U. Following the development in
section 2, we seek solutions to the time-independent Schrédinger equation given in
(2.8) on (—o0, co) which are smooth (i.e., C'!) across the device boundaries at = = z
and z = zy. That is, we seek solutions ¢ = ¢ (z), —0o0 < & < 00, to (2.8) satisfying
the boundary conditions

¥ (z0) = Yo (v0), ¥ (0) =1 (w0)

Y(zn) = YNy (zn), ¥ (an) =Yg (@N),

where the functions ¥y and ¥)n41 are given by (2.9) and (2.10), respectively. Recall-
ing that the interpretation of (2.9) and (2.10) as the sum of forward and backward
propagating waves implies that Byy1 = 0, the two conditions given above at z = z¢
can be combined to eliminate the constant of integration By, and the two condi-
tions given above at x = xy can be combined to eliminate the constant of integration
AN+1, yielding the linear second-order two-point boundary value problem on [zg, Zn]
parameterized by Ag given by

(3.1) —;—;dzi(f) + V(@)Y (x)=EY(x), zo<z<zan,
(3.2) ikot (z0) + 1 (w0) = 2ikoAge™o™,
(3.3) iky 1t (xn) =4 (zn) = 0.

Then if v is the solution to (3.1)—(3.3) on the interval [zg, zn], the desired solution on
(—00,0) can then be obtained by combining ¢ on [xg, zx] with ¥y on (—oo, 2] and
YN41 on [T, 00) given by (2.9) and (2.10), respectively, with Ay = ¢ (zy) and
By = eiko®oq) (z4) — Age?Foro, Tt then follows that Ayy1 = ¥ (xn) = ¢ (vn; Ag) =
Ao (xn; 1) is linear in Ag and, moreover, that the value of T' (Viias, U) is independent
of the value of Ay. Indeed, in light of (2.14), it follows that T (Viias) = T (Viias, U) =

A 2k k 1 A0)|? k 2 k 2
el — S P Aol — By (o 1)[* = L[4 (a3 Viias, U)[*, where

¥ (+; Vbias, U) denotes the solution to the two-point boundary value problem (3.1)—
(3.3) corresponding to Viias, Ao = 1, and U = {Ui}fil. Then, recalling (2.15), solving
the optimal design problem requires the minimization of the least-squares functional

k ) 2
To (Vy) = == [ (s Vi O)F |

v

(3.4) J(U) =Y

Jj=1

where v (-, V;, U) is the solution to the two-point boundary value problem (3.1)—(3.3)
corresponding to Vhias = Vj,j = 1,2,...,v, Ag =1, and U = {Ui}ij\il, and we have
added the subscript j to kny1 to reflect the fact that k3, = ZmO(E_Uth“JFV"“‘S)

depends on the value of the bias voltage Vyias. That is, for j =1, 2, ..., v, k12\,+17j =
2m0(E7UN+1+Vj)
2 :
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3.1. Approximation. Actually solving the least-squares minimization problem
requires that we be able to numerically solve (3.1)—(3.3). In what follows, we propose
a numerical scheme based on an idea known as the propagation method (see, for
example, [6]) that approximates the second-order linear ordinary differential equation—
based two-point boundary value problem by a two-point boundary value problem
for a two-dimensional linear nonautonomous difference equation. Then by using the
linear relationship that exists between Ay, and Ag together with the fact that the
transmission function is the quotient of Anx41 and Ay, we are able to replace the
boundary value problem by the much more easily solved terminal value problem.
This in turn permits the highly accurate and efficient computation of the gradient of
J via the adjoint method.

Toward this end, for each M =1, 2, ..., we partition each of the layers [x;_1, x;],
j = 1,2,...,N, into M equal sublayers, ¢} 1)y, 15 T 1yarp,ls With m =
L,2,...,M, 2} = z¢, and xé\f_l)Mer =z + mj\jj, j=1,2....,N, and m =

1, 2, ,M. We then consider the time-independent Schrédinger equation (2.8) with
the potential function V given by (2.1) replaced by the piecewise constant approxi-
mation VM given by

M M M M
(35 VM@ =V (o) o S

ji=12,...,Nand m = 1,2,...,M. For U = {Ui}gil and Vyias given, and j =
1,2,...,Nand m=1,2,..., M, we set

M
2 2mo T )M4m—1 — %0
(3.6) {ké\f—l)M+m} =72 (E — Uj + Vs = T ) :

k(])w = ]CQ, and k]n\//[M—i-l = kNJrl'
Then, for j = 1,2,...,N and m = 1,2,..., M, on the interval [xf‘;[_l)Mer_l,

xé\]{l) M +m], the general solution to the time-independent Schrédinger equation with
V replaced by VM is given by

M M ikM_ m(z—azM_ .
1l)(j—l)M+1n (33) - A(j—l)M+me M ( @M 1)
M —ik]_ z—all_ N
+B(]71)M+ e (4 1)M+m( (G—1)M+m 1)’

M M . . .
where A( S 1) Mtm and B( J—1)Mtm 1D the above expressions are arbitrary constants

of integration. We also set 13! = ¢y and Y3, | = ¥y, where ¢y and ¥y, are
given by (2.9) and (2.10), respectively. Once again, for ease of exposition, we have
assumed that F, the sum of electron kinetic and potential energy; the layer potentials,
U= {Ui}g\;l; and bias voltages, Viias, are such that the time-independent Schrodinger
equation (2.8) with V replaced by V* admits an exponential solution of the form
given above on each subinterval [xé\;[q) M1 xf‘;ﬂl) Mam)- As before, our approach
is easily modified to handle the polynomial case as well.
We seek a smooth (i.e., C1) solution on [z¢, zy]. Consequently, by setting

M M M M
YG-1)M+m (x(jfl)Mer) = V(1) Mm+1 (x(jfl)Mer) )

M M
dw(j—l)Mer (g;M ) _ d¢(j71)M+m+l (xM )
dx (G-HM+m T dr \FG-HMim)>
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M (.M _ M (..M M M\ _ ., M M M _ .M
¥o (330 ) =1 (% ), dipy /da: (330 ) = dyy /da: (330 ), L(jfl)Mer = TG—1)M+m —
xf‘f_l)Mer_l = % forj=1,2,...,Nandm=1,2,..., M, andLS” = xéw, we obtain
the system of equations given in matrix form by

| )= [ty o, |50
B kM kM || M |

where n =0,1,2,..., NM. Alternatively, inverting the 2 x 2 matrix on the left-hand
side of (3.7), one obtains

.M M .M r M
elkn L, e—lk‘n L,

(3-7) M M My M
.M kML .M ,—ikM L
ik, etn o —ik e n fn

R\  —ieMpM Fnya\ —ikM LM

[A,]Y] 1 (1+We e I_We e |:A7]y+l:|
M 5 kM M M kM s M M
B2 (1 ]:1\-21) UL (1 5&1) UL

M
An+1 :|
M )

3.8
(3.8) B

Pyjy (vabias) l:

n=0,1,2,..., NM. With the incident electron of amplitude | Ap| being introduced
on the left and no reflective wave propagating to the left from 400, we also have the
two boundary conditions

3.9 10 oy =A d 01 AN =0
GO Lo g = et L0 T BYT =0

The least-squares performance indices for the approximating optimal design problem
then become

v

JMU) =Y

Jj=1

(3.10) = i
j=1

2 2
AN (Vi U)| kv

TO(‘/})_ |Aéw‘2k'0

2 2
AN (V3 0)| kv
| Aol” ko

TO(V}')—|

. . 2mo(E—U v
where, as before, for j = 1,2,...,v, ky, ; is defined by k]2V+1j = w

Once again we observe that ALY, 41 depends linearly on Ag and consequently on AM
as well. It follows that the value of

TM (Viias) = T (Viias, U) = |A%M+1}2 kN+1/ }Aé\4|2k0

is independent of the value of Ag. Moreover, it necessarily follows that A}! depends
linearly on A%/, | and that the value of

T (Vhias) = T (Voias U) = [ AN [ v /|43 R

is independent of the value of A%, , if it is specified instead of A}’. It follows
that, without affecting the solution to the optimal design problem and without loss
of generality, we may set AY,, +1 = 1. The boundary conditions given in (3.9) can
then be replaced with the single terminal condition

(3.11) { ANari } = { (1) ]

M
BNM+1
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and the least-squares performance indices given in (3.10) can be replaced by

2

o SO \C2 ¥ R
(312) ) = 2 B )~ o

Solving the approximating optimal design problem then consists of finding local layer
potentials U* = {Ui*}ij\;1 which minimize the least-squares performance index (3.12)
subject to the system of two linear difference equations (3.8) and the terminal condi-
tion (3.11).

3.2. The adjoint method. The formulation of the optimal design problem as
the minimization of a least-squares performance index subject to a terminal value
problem for a system of linear difference equations lends itself extremely well to effi-
cient and accurate (in fact, no truncation error) gradient calculation via the adjoint
method. The adjoint method has its roots in the classical theory of constrained opti-
mization, Lagrange multipliers, and optimal control. Associated with and coupled to
the constraints on the system state variables is another, related, system of equations
known as the adjoint. In this context, the adjoint system is most familiar for the role
it plays in the formulation of necessary conditions for optimality as given in what
is generally regarded as the fundamental theorem of optimal control, the Pontryagin
maximum principle (see, for example, [7], [§]), a dynamic version of the method of
Lagrange multipliers from elementary calculus. The adjoint is typically a dynamical
system that is of a similar form to the state equation, typically an ordinary differen-
tial or difference equation (see, for example, [9] and [10]) or even a partial differential
equation (see, for example, [11]). The variables in the adjoint system are known as
the costates, dual variables, or Lagrange multipliers, and they describe the propaga-
tion of a hyperplane characterized by a normal that is related to the tangent to the
curve determined by the state trajectory [12]. At optimality, the costate variables
may be interpreted as the marginal benefit derived (with respect to the underlying
performance index being optimized) by weakening the constraints on the state vari-
ables. In fact, they are sensitivities and are related to various derivatives of the cost
functional. Economists sometimes refer to them as either imputed or shadow prices.
However, it turns out that at nonstationary points, the adjoint may also be used to
facilitate the highly efficient computation of the gradient of the performance index
with respect to the optimization parameters. In essence, it does this by making it
unnecessary to directly compute derivatives of the state variables with respect to the
optimization parameters. This computational sleight of hand is more or less unrelated
to the role played by the adjoint in optimal control theory and is actually realized
through a relatively simple combination of elementary calculus and linear duality (see
[13]). Indeed, to see how this works in its most general form, consider the compu-
tation of the gradient of the performance index J (q) = F (x(q)) subject to the in
general nonlinear system G (q,x) = 0, where the design parameters are q € R?, the
state is given by x € R", G is an R"-valued differentiable function on R? x R", and
F is a real-valued differentiable function on R™. We note that, without any loss of
generality, it is entirely sufficient to consider the adjoint method only for this static
state equation G (q, x) = 0 since the case of a constraint given by a discrete-time dy-
namical system (in particular, including the one in the previous section) can readily
be put into this general form.

Using the chain rule to differentiate the performance index and the state equation
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with respect to q, we obtain the two expressions

ox 4 9G(@x)ox _ 9G(q4x)

V(@) =VF(x(a) 5, an dx  dq dq

Now it appears that in order to evaluateVJ (q), the p linear systems given in the ex-
pression on the right will have to be solved for 9x/0q (for simplicity, we assume here
that the matrix 0G (q, x) /0x is nonsingular). However, this is in fact not the case. In-
deed, note that the expression on the right indicates that the columns of 9x/0q are ac-
tually the vector representations for the columns of the matrix —9G (q, x) /0q with re-
spect to the basis defined by the columns of OG (q, x) /0x. Consequently, we consider
the linear functional on R given by £ (y) = (VF (x(q)),y) with VF (x (q)) € R
being its matrix representation with respect to the basis defined by the columns of
9G (q,x) /0x. Then, if instead we determine z” € R'*" as its matrix representation
with respect to the standard basis on R" via the equations

2 = £(e) = (VF (x (@) &) = VF (x (a)) (IG (q,%) /0x) e,

with ¢ = 1,2,...,n and where e; denotes the i¢th standard basis element, or, equiva-
lently, by solving the single linear system known as the adjoint, costate, or dual system
given by (8G (q,x) /0x)" z = VF (x(q))" for z, then the gradient of J, VJ (q), can
then be evaluated via

ox T 0G (q,x)

VJ(q) =VF(x(q)) 7q 9q

This yields a realized savings of now having to solve only two systems, the in general
nonlinear state equation for x and the linear adjoint or costate system for z, rather
than one nonlinear system and p linear systems. Even though all p systems involve
the same system matrix, when this computation is inside an optimization loop, the
savings due to the use of the adjoint can be significant. When the adjoint formulation
for computing the gradient is applied in the context of dynamical rather than static
constraints and when we take advantage of the resulting highly specialized structure
of the matrices involved, the savings can be even more impressive. Note also the
benefits derived from the adjoint method when compared to a more naive finite-
difference approach which would entail the solution of p + 1 nonlinear systems and
the introduction of truncation error every time the gradient VJ (q) is computed.

To see how the adjoint method is realized in the context of the optimal design
problem of interest to us here, we rewrite the underlying system of difference equations
(3.8) and the terminal condition (3.11) as

1
(313) ozm = Pl-7jai+17j and aNMH,j = l: 0 :| s
where for j = 1, 2,...,vand i =0, 1, 2,...,NM, P;; = P (U,V}) and a;; =
[AM, BM }T = [AM(U,V;), BM (U,Vj)]T. The least-squares performance index
(3.12) is then given by

v

3.14) TV (U) =3 |10 (V) kN1

k .
S Ty (V) = —r oo
|ca0,j| ko

=T
&g, Qa,jko

Jj=1
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where ¢ = [1,0] and Q = cTc = [} §]. We define the adjoint or costate system
corresponding to (3.13) and (3.14) as the initial value problem given by

ﬁiJrl,j z 1 ]1613 + 5104

kny1,j Qai kN,
TO (V ) T 2
a;;Qaigko | (af Qo ;)" ko

and 8, ; = 0, where d;; denotes the Kronecker delta function. It then follows that

=T Jaxo, )
2Rea0’jQ8—IJ]kN+1J

kny,j
Ty (V) — g
! (danao,j)Q ko

~T
oy Qo jko

j=1
v NM _T
kNt a;  Qkni1; Oay
= Re Z Z 4510 TO (‘/j) - —F J ‘| 2] 5 »J
j=1i=0 i Qaigko | (af; Qo ;) ko OV
v NM T dav:
— T ,J
= Re; ; (5i+1,j - Piﬂ,jﬁi,j) au
o - 8ai,j By T 8ai,j
= Rez Z/@erl,j U Zﬁmpiq,j 50
Jj=1 i=1
v NM
— aaiJrl;j 6Pz, T 50(1')]-
_Re;{ZﬁHlJ( 1,3 oU + U Qit1,5 _;ﬁi,jPifl,j ou
v NM
OP;
- Rez Z 614—1 .7 BUJ a1+1 NE
=1 1:=0

where, in light of the terminal condition given in (3.13), we have used the fact that

% = 0. Consequently, the gradient of J™can be obtained with no truncation
error according to the following steps.
1. For each j =1, 2,...,v, solve the terminal value problem
o | -2 5
’ =P, (U,V; o,
|G | rrwn | G

AN 1
3.15 SV } = { ] ;
( ) { B]I\V/[MJrl 0

i=NM, NM—1,...,2, 1, 0.
2. For each j =1, 2,...,v, solve the initial value problem

T
/6i+1,j:P1]'w(U7‘/j) ﬁi,ja

kN
(3.16) B, =4 |Ty (V) — /
b ’ |42 ko

i=1,2,..., NM.

knii1, {AS” ]
Ay o L O

3. Compute the gradient of JM as

v NM M
e w0 15|

B! .
j=1i=0 i+1,j
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4. Numerical stability, differentiability, and convergence. Fundamental
to the approach outlined above are the replacement and approximation of the two-
point boundary problem given either in (3.1)—(3.3) or in (3.8), (3.9) with the initial
or, more accurately, terminal value problem given by (3.8), (3.11). The solution of the
optimal design problem via the adjoint method then requires the iterative sequential
integration of the terminal value problem given in (3.15) for the system state and the
adjoint initial value problem given in (3.16) for the system costate. Asis the case when
one solves a two-point boundary value problem using a shooting method that requires
the iterative numerical integration of a sequence of discretized initial value problems,
caution must be exercised to ensure that one has not sacrificed the inherent numerical
stability (error remains bounded uniformly with respect to the level of discretization
over the course of the computation) of solving a boundary value problem for the
potential numerical instability of integrating a sequence of successively more highly
discretized initial value problems. In the first part of this section, we show that the
approximation scheme proposed above is indeed numerically stable.

The solutions to the recursions given in (3.15) and (3.16) are given by

NM
1 ECAS)

o | = [T o] [ ]

k=NM, NM—1,...,2, 1,0,

and by

0
I »¥w.v)"| 8.,
=k—

2

/Gk,j = [

%

knii,j

To (V;) — 5

1A ko
i=1,2,..., NM+1,

kni,j [AS/[ }

4
o ATk

respectively. Numerical stability will follow if we can demonstrate the boundedness
of the matrix product

NM

[P W vy

=0

uniformly in M in some appropriate matrix norm, where the matrices P (U, V)
are given by (3.8). Our numerical stability arguments will require the following tech-
nical assumption on the device parameters guaranteeing that the time-independent
Schrodinger equation (2.8) with V replaced by VM admits exponential solutions on
each of the approximating subintervals and, moreover, that these solutions remain
bounded away from becoming polynomial on any subinterval as the discretization
level tends to infinity.

ASSUMPTION 4.1. The total energy E, the layer potentials U = {Ui}fil, the
overall length of the device L, and the bias voltage Viias are such that there exists
a constant § > 0 for which 0 < § < |I€]M , 7 =0,1,2,...,NM + 1, where the ij,
j=1,2,...,NM, are given by (3.6), and ki' = ko and kN1 = kns1.

It is not difficult to specify readily verifiable sufficient conditions needed for
Assumption 4.1 to hold. Indeed, one requires only that U; ¢ [E -+ min (0, Vbias)
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E + max (0, Vbias)}, j=1,2,..., N. In the context of the optimal design problem,
Assumption 4.1 will hold throughout the iterative solution procedure if the feasible
set of layer potentials [Ur, Ug] is chosen and the respective lower and upper bounds
for the bias voltages over which the device functionality is desired, Vi, and Vigax,
are such that [Ur,Ug] N [E 4+ min (0, Viyin) , E + max (0, Vinax)] = 0. With this con-
dition, it is now straightforward to specify any number of devices and optimal design
problems for which Assumption 4.1 is satisfied.

On the other hand, if the optimal design problem of interest is such that this
condition cannot be met, then not only can we not verify Assumption 4.1 and therefore
guarantee the numerical stability of the method, but it may in fact occur that one
or more of the kJM given in (3.6) will vanish. In this latter case the time-independent
Schrodinger equation (2.8) with V replaced by V™ has a polynomial solution on the
corresponding approximating subinterval, and the system of equations given in (3.7)
is no longer valid. In this case an analogous but different system of equations results,
and, at least formally, the method can be appropriately modified and implemented
in a similar fashion. However, the question of numerical stability of the method
remains open. In this case, solving the boundary value problem (3.1)—(3.3) for the
time-independent Schrédinger equation with V replaced by VM while making sure
to take advantage of the underlying structure of the problem (see (5.4)—(5.10) below)
may be a better approach. Indeed, in the next section in Theorems 4.8 and 4.9 we
establish convergence. However, it is worth noting that in the examples we treat in
section 5 below, the sufficient condition given above that is required to establish that
Assumption 4.1 is satisfied is in fact not met. Nevertheless, in all of our numerical
studies we did not observe any evidence or indication of numerical instability.

LEMMA 4.1. For j #0, M, 2M, 3M, ..., NM, there exists a positive constant
p which depends on E, U= {Ui}fil, and Viias for Vinin < Vbias < Vinax, but which is

independent of j and M such that ||P;W (U, VbiaS)H < ePAT (1 + W)%, where the
constant 0 > 0 is as defined in Assumption 4.1 and where for a complex matrixz A,
the matriz norm || A|| is the spectral norm given by || Al = \/Amax (A" A).

Proof. We begin by writing

KM MM kM oMM
(1+ ]j]\t[l) e ik;" L <1 _ 14]1-\*—41 e L
J J

M 1
P (Ua Vbias) = 3
J 2 KM o MM kM MM
1— J;Il elklj L; 1+ ]1-&1 elkj L
kj kj
r M M
: | A+ 5E) (-G
e*ikJML;u 0 2 kj 2 kj
= QMM
0 elkj Lj M M
- e 11 L 1174 S
2 kM 2 k3
- M M
—iM LM 0o ] o "
e ] 2 2
= kM LM EEj‘WI‘;’W’
0 e i 1—M 14y
- - L7 T2

where vM = kM, /kM . Tt follows that |P} (U, Viss)|| < [[E}|||T3]|. A straight-
forward computation immediately reveals that

(4.1) HE;WH < eLj'wllm kj‘/’| < epﬁ7
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where p = \/QmO‘E— U]l — [Vbias] |-

We turn our attention next to estimating ||I‘jM ,

I‘;-V[ . Once again, an easy computation yields the characteristic equation

dﬁ((ry)*ry-nu)::(ligﬁﬂi_x>2 [ ‘) L

from which we find the two eigenvalues of (T'}")"T'}" to be MY =1 and A\M = |yM }

It follows that
e - e 1.

Now, for j £ 0, M, 2M, 3M, ..., NM, from the definition of kéwwe have that

M
ki

2 2 2moViias LY
[kl = 8]+ —

from which it follows that

1
kjl\ili-l <(1+ 2’n/LO |Vbias| 2
KM= h262M
and therefore that
1
2mo | Vbias \ 2
M 0 | Vbias
(4.2) [ry| < (”7}125%\4 )

The result then immediately follows from (4.1) and (4.2). O

LemMA 4.2. For j =0, M, 2M, 3M,..., NM, there exist positive constants p
and o which depend on E, U = {Ui}g\;l, and Viias for Vinin < Vhias < Vinax, but which
are independent of j and M such that the bounds

| P2 (U, Vi) | < ex0 (L/0M) /1 + (2m0/202) {2 Ul + Voias |},

j#0, and

| P (U, Visas) | < exp (po) /14 (2m0 /1202) {2[U]] o, + Wi}

obtain, where for a complex matriz A, the matriz norm ||A| is the spectral norm
given by || Al = \/Amax (A7 A).

Proof. For j =nM,n =1, 2,..., N, once again from the definition of k}' we
now have

2 Mo Mo
[ijrJ [k]]w}z + % {Un - UnJrl + %ias <M>}

2’n/LO Vbiaqujy
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In this case it follows from Assumption 4.1 that

1
2m0 |Vbias| 2
< (1429 fo o+ Vi)

M
kj+1

M
kj

and therefore that
1
o < <1 + 2;’;‘; 2|Ul + |Vbias|}) L on=1,2..,N
Finally, for j = 0 we obtain
kM

1 1
2m0 2 M 2
1 2 || < 2

It remains true that ||E§w|| < eLM[kaM' < ep%, 3 =M, 2M, 3M,..., NM, and
||Eg/[ H < e@ollmkol < ePo and consequently the desired result follows at once. |
THEOREM 4.3. The linear discrete dynamical systems given in (3.15) and (3.16)

are numerically stable with respect to the approximation index M.
Proof. Lemmas 4.1 and 4.2 yield

NM NM
[Te¥ @ vyl < ITIeY v
i=0 i=0
N NM-1
TP wvp- TI P vy
=0 i=1,i%nM,
n=1,...,.N—1

1
2m, 2
< oo (1+ e 21Ul +|vb,as|}>

2m B
{HeM (1—|— = 2{2 ||U|OO+|Vbias|}> }

NM-1 1
2’n/LO |Vbias| 2
X I I e M 1 =+ T song
e h262 M
i=1,i#nM,
n=1,2,...N—1
N+1

2my E )
= <1 T g2 {2[U]l + |Vbias|}) oP(@o+NL)+

Nmo|Viias|
h2s2

and the result follows. d

Implicit in our use of the gradient method to solve the approximating optimal
design problems was the assumption that the least-squares performance measures
JM given in (3.10) are differentiable with respect to the design parameters U =
{Ui}i]il e RM. It is in fact possible to show that the cost functionals J given by
(3.4) and JM given by (3.10) are differentiable with respect to U = {Ui}fil e RN
and, moreover, that limy_,o VJM (UY) = V.J(U), whenever UM, U € R" with
limy oo UM = U. It is further possible to establish subsequential convergence of
solutions to the approximating finite dimensional optimal design problems defined in
section 3 to a solution to the original infinite dimensional optimal design problem.
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Toward this end, we reformulate the boundary value problem (3.1)—(3.3) as an
abstract elliptic system in weak or variational form. Let H denote the Hilbert space
Ly (zo, xx) and let W = H' (29, 2y), each endowed with its standard inner product.
It follows that W is densely and continuously embedded in H (see, for example, [14]),
and then pivoting (see [15], [16], and [17]) on H we obtain the well-known dense and
continuous embeddings W C H C W*, where W* denotes the space of continuous
conjugate linear functionals on W. Let  be a compact (i.e., closed and bounded)
subset of R™, let ||, |||l and |||y, denote the usual norms on H, W, and W*,
respectively, and let xk denote the continuous embedding constant between H and W,
that is, ||y < K [l¢|ly for ¢ € W.

For each U = {U;},', € Q, Ay € C, and Vhias, With Vinin < Vhias < Vinax, We
define the sesquilinear form a (U, Viias; -, -) : W x W — C and the bounded conjugate
linear functional f € W* by

TN

a (U, Vhias; 0, X) = Do (z) Dx (z) dx — ikni1p (zn) X (zN) — ikow (7o) X (7o)

zo

(4.3 20 [ @ - Bre@x s

0

for ¢, x € W, and by (f,x) = —2ikgAge*o®oy (x¢), for x € W, respectively, where
D denotes the differentiation operator with respect to the variable x. The boundary
value problem (3.1)—(3.3) is then given in abstract form as finding a ¢ € W that
satisfies

(44) a (U7 Vbias; ¥, QO) = <fa 90>

for every ¢ € W.

Straightforward calculations (see, for example, [15]) can be used to establish the
following lemma.

LEMMA 4.4. For U = {U;}lL, € Q and Vijas with Viin < Viias < Vinax, there
exist constants A € R and «, > 0 which are independent of U and Viias such that

(4.5) la (U, Voias; @, X)| < a[l@lly [Ixllw

for o, x € W, and
(4.6) Re a (U, Voiasi 0, 9) + Alely = Bllell3y

for every ¢ € W.
Also, there exists a constant v > 0 which is independent of Viias such that for

every Uy = {U}}il ,Up = {Uf}j\il € Q we have
(4.7)  a (U, Voiasi 9, x) — @ (U2, Vhias; 0, X)| < 7 101 = Uall el Xl

for o, x € W.

In a similar manner, the sequence of approximating discrete two-point boundary
value problems given by (3.8) and (3.9) can be reformulated as a sequence of abstract
elliptic systems of the form given in (4.4). Indeed, this is achieved by simply replacing
the potential function V in (4.3) by the piecewise constant approximation VM given
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by (3.5). Toward this end, for each M = 1,2,..., we define the sequence of abstract
sesquilinear forms {ans (U, Viias; -, -)}E:1 on W, apn (U, Vhias; -, -) : W x W — C by

TN

an (U, Viias; 0, X) = Dy (z) Dx () dz — ikn1p (zn) X (2n) — ikop (20) X (20)
(4.8) +%/I:N {VM (a:)—E}tp(a:);Z(a:)da:, o, x €W,

where the difference between the form defined in (4.3) and the forms defined in (4.8) is
that the potential function V given by (2.1) in the form a (U, Viias; «, -) : WX W — C
has been replaced by its piecewise constant approximation VM given in (3.5) by
M _ M M M
14 (x) =V (x(j—l)M+m—1) ) Tty Mam—1 S < L1y Mgm?

where j = 1,2,...,N and m = 1,2,..., M. Once again, it is not difficult to show
that the forms aps (U, Viias; -, ) : W X W — C satisfy the inequalities (4.5)—(4.7) with
the same constants A € R and «, > 0 which work for the form a (U, Vias; -, -) :
W x W — C given by (4.3).

We consider the sequence of abstract elliptic boundary value problems given by

(49) apg (U, Vbias; va QO) = <fa (,0>

for every ¢ € W.

Under appropriate conditions, a routine application of the Lax—Milgram theorem
(see, for example, [15], [16], or [18]) yields the existence of unique solutions to the
abstract boundary value problems (4.4) and (4.9). More directly, we have the following
well posedness result.

THEOREM 4.5. If the constant A € R and 8 > 0 guaranteed to exist by Lemma
4.4 are such that A < %, then the abstract elliptic boundary value problem given
in (4.4) and the sequence of abstract elliptic boundary value problems given in (4.9)
admit unique solutions yp € W and yM ¢ W, M =1,2,....

Proof. The bound given in (4.5) is sufficient to conclude that the forms a and
a™ given in (4.3) and (4.8) define bounded linear operators A, Ay € L (W, W*).
Moreover, the coercivity estimate given in (4.6) with A < % readily yields the lower
bounds [|Aglly. > Bllplly and [Auglly. > Blely with # = 8- Ae2 > 0. It
follows that the mappings A and Aj; are injective, and the Riesz representation
theorem together with the dense embeddings W C H C W* is sufficient to conclude
that the mappings are surjective as well. Consequently they each admit bounded
inverses A~ and AI\_/I1 with the unique solutions to the boundary value problems
(4.4) and (4.9) then given by 1 = A~1f and ¢y = A]T/Ilf, respectively. We also have
the continuous dependence results ¢y, < é | fllw- and [[Yar]ly < % Il fllw-- O

We note that it is immediately clear that a sufficient condition for A < 0 < %

would be that the design space €2, Vinin, Vinax and the total energy E are such that
there exists a constant p > 0 such that % {VM (z) — E} > pfor xg < a < xpn.

Recalling the approximation framework developed in section 3, it follows that the
functions 9™ € W given by

¢M (x) = ¢M (SE Vbia57 U) = wg\;j—l)M+m (f)
= Aé\fil)Mereikf\;[*l)NHm(‘waf\jﬂl)lvafl)

M —ikM_ m(z—zM_ _
+B(j_1)M+me (G-1)M+ ( G-1)M+ 1)
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forx € [ngl)Merfl’ xf‘;ffl)Mer} with coefficients {Af‘;ffl)Mer} and {B(I‘;fil)Mer},
for j = 1,2,...,N and m = 1,2,..., M, determined via the propagation matrix
method described in section 3.1 for solving the discrete two-point boundary value
problem (3.8), (3.9) above are in fact the unique solutions to the abstract elliptic
boundary value problems (4.9) that are guaranteed to exist by Theorem 4.5. More-
over, from (3.7), (3.8), and (3.9) it follows that

M M M M kM Ly M —ikM EN
VM (28 Viias, U) = Unar (2Nar) = ANp € VM + By e v
M M M
=Anms1 + Bymsr = Anngr

Consequently, from (3.10), we find that

2
- AM v, )’k ,
JM(U) = Z To (V;) — | N (Vi _ )| N+1,j
Jj=1 |A0| ko
v 2
ENt1j | M 2
=Y T (V) — =5 [ (e V5, U))
j=1 | Aol” ko
- knt1j v 2|2
j=1

the last expression resulting when Ay has been arbitrarily set to one.

THEOREM 4.6. If )\ < %, then for each M =1,2,..., the approximating optimal
design problems involving the minimization of the performance indices JM given in
(3.10) (or, equivalently, in (4.10)) over the compact set  subject to the boundary value
problem given by (3.8), (3.9) (or, equivalently, by (4.9)) have a solution UM € Q.

Proof. The result will follow immediately if, for each M = 1,2,..., we can
demonstrate the continuous dependence of ¥ (zn;V;,U) on U € Q. Since W =
H! (z¢,zn), the Sobolev embedding theorem (see, for example, [7] or [8]) implies
that it is sufficient to demonstrate the continuous dependence of ™ (-;V;,U) € W
on U € Q with respect to the W-norm. But this result follows immediately from
the bounds given in Lemma 4.4. Indeed, for M fixed and U, Uy € Q, we let M =
oM (5 V;,U) € W oand ¢f = M (;V;,Ug) € W denote, respectively, the unique
solutions to the abstract elliptic boundary value problem given in (4.9) corresponding
to U € Q and Uy € Q. Then (4.6), (4.7), and (4.9) yield

B [lwdt — w2,
< Re anr (U, Voias; 087 — oM 0" — ™) + A [ — M3,
= Re {ar (U, Vbias; 0%, 00" — — anr (U, Voias; M, 007 — M)} + Aol — M [
= Re {ans (U, Voiass 857, 07 — ™M) = (£, 087 = ™)} + Al — oM},
=Re {an (U,Vbias;¢éwa¢éw - — anr (Uo, Viias; 007, 008" —¢M)} + /\Wéw —¢M|i,
< Janr (U, Viias; 937, 08" = ™) = anr (U, Viias; 937, 08" — 0™ | + X oo — M|,
<Y |[U = Ul [, [037 = ™|, + A — M)’
< 78 |[U = Ul |98 107 — 0™ ||,y + M2 [|d! — ™[5,

™M)
o)
™M)
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It then follows that

(8 =A%) [0 — M7, < ys U = Uoll |03, ld” — &™),

and therefore that

[ — M|, < % rSAPf o e o

where 3 = 8 — Ax® > 0, and the result follows. O

Next we establish the existence of the gradients V.J™ and V.J of the least-squares
performance indices J given in (3.10) and J given in (3.4).

THEOREM 4.7. If A < %, then the approximating optimal design performance
indices JM | for each M = 1,2, ..., given in (3.10) (or, equivalently, (4.10)) and the

performance index J given in (3.4) are differentiable with respect to U = {Ui}ij\il €
int (92).

Proof. We demonstrate the differentiability of J. Establishing the differentia-
bility of JM is completely analogous. Also, it is immediately clear that in order to
establish that J is differentiable, it suffices to show that the unique solution ¢ € W
to the abstract boundary value problem (4.4) guaranteed to exist by Theorem 4.5 is
differentiable with respect to U = {U;}) | € int ().

Let ¢ € W denote the unique solution to (4.4), and, for A > 0 sufficiently small,
let 9; € W be the unique solution to the abstract boundary value problem

a (U + heja Vbias; ¢ja (p) = <f7 QO> for every @ € Wa

where e; € RY, 7 = 1,2,..., N, denote the standard basis elements in RY. In
addition, for j =1,2,..., N and ¢ € W, let £, ; € W* be given by

2mg [TV _
€05 (0) = 5 | Xieyre) @) 0 (2) 9 (0) dafox every € W

Zo

where y; denotes the characteristic function of the interval I C R, and let w; ew
be the unique solution to the abstract boundary value problem

(4.11) a (U, Voias; ¥} ) = Ly 5 ()

for every ¢ € W, also guaranteed to exist by Theorem 4.5. Then, setting v, =
V) — @, for j =1,2,..., N, the W — H coercivity inequality (4.6) yields

Bllinlfy < Re @ (U, Viiasi i, i0) + Al -
Once again, setting B = — Ax2 > 0, it follows that
B ||¢j,h||12/y < Re a (U, Viias; V5,0, Y1)
1 1
= Re {équ,j (Yj,n) + 70 (U, Vbias; Yo, ¥jn) — 70 (U, Vbias; Y5, %‘,h)}
1 1
= Re {&pg)j (wj,h) + ECL (U + hej, Vbias; V5, ¢j,h) - ECL (U, Vbias; V5, ¢j,h)}

= Re {&pmj (V) — Ly, .5 (¢j7h)} :
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It follows that

2mok>

I3l < =5 15 = ol

A similar straightforward calculation yields
Bllws = volly < Re a (U + hej, Viiasi ¥ — o, 85 — o)
2moh "N - -
= R‘e {_ hzo / X[:Ej_l,mj]wo (d]j - d]o) dx}
o

2m0/<: h

= 1Yol 15 — olly

and, consequently, that

2mok>

195 = dolly < — - e 1ol h-

Combining our two estimates, we obtain

‘ % wO

h

from which the desired result immediately follows with Vg = [¢], 95, ..., ¢¥)y] €
W, O

We conclude this section with the following two convergence results. The first is
concerned with the subsequential convergence of the solutions of the approximating
optimal design problems UM € Q to a solution U € Q of the original optimal design
problem. The second involves the convergence of the gradients of the approximating
cost functionals V.JM to the gradient of the original cost functional V.J.

THEOREM 4.8. Let A < %, and, for each M = 1,2,..., let UM c Q be
the solution to the Mth approximating optimal design problem. Then the sequence
{UM}M 1 € admits a convergent subsequence {UMk }k C {ﬂM}OA; | C Q2 with

limg o0 UM = U € Q. Moreover, Uc 2 15 a solution to the optimal design problem
given by (3.1)—~(3.4) in the sense that J( ) = mingeq J (U).

A M ~ M
Proof. The existence of the convergent subsequence {U i }zozl - {U }01\;:1 cQ

4m0/<a
Bht

vy — [P0l b

~ My, A
with limg_eo U © = U € Q follows immediately from the assumption that 2 is a
closed and bounded (and therefore compact) subset of R". Now let {UM}"_ C

Q0 be any convergent sequence in 2 with lim; oo UM = U, € Q, and, for each
M =1,2,..., let ¥™ denote the unique solution to the abstract elliptic boundary
value problem given in (4.9) with U = UM and let 1o denote the unique solution to
the abstract elliptic boundary value problem given in (4.4) with U = Ug. Then, the
bounds given in Lemma 4.4 imply

B|vo — ¢MH‘2,V <Reay (UM,Vbias;% — M, o — 1/)M) + Ao — ¢Mﬁq
= Re {CLM (UM, Vbias; Yo, o — ¢M) —am (UM, Viias; ¥, 00 — ¢M)}

+ w0 — M7,
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= Re {ans (UM, Voiasi Yo, v — 0 ) = (.60 — M) |+ Ao — 0[5,

= Re {anr (UM, Vhiasi vio, 0 = ¥*) = @ (Uo, Vhsiass Yo, o = 6™) |+ Ao — [},
= Re {ans (U, Voiasi Y0, %0 — ¥ ) = anr (Uo, Voiasi v, 10 — 4™ |

+Re {aar (Uo, Vhsasi Yo, 0 — ™) — a (Uo, Visasi Y0, vi0 = ™)} + A [0 — M [},
< UM = 00| _ ol w0 = 0y,
2o / VM () =V (2)} o (2) (o (2) — B (&) do+ M2 [0 — 0|,

< HUM = U _ leoli o =0l

2m0|Vb1aS|Z/ WO 2)| |t () — M (x)‘dx—kx\n?”wo—wMHiV

2m0"$ |Vbias|
h2M

<K HUM - UOHOO Yol (|0 — ™ ||, + %ol [|¥0 — ™|l
2 o =M
It then follows that
(8= 26 [0 = 9 [y < 35 [0 = To||_olin 10 = 4

2m0"$ | Vbias

|
+ n2M |¢0|H||w0_¢MHW
and therefore that
M VE v ps 2mok | Viias|
(4.12) |10 — v ||W§ ?HU —U0H00|¢0|H+W|¢0|H,

where once again B = B — Ak? > 0. Consequently, we have

lim ™ (-5 Vosass UM ) = o (+: Voias, Uo)
M—o0

in W and, once again by the Sobolev embedding theorem [14], in C' [zg,zn] as well.
Finally, for any U € Q we find that

J(0) =1 < lim fJM") = lim JM (fJM’“) < lim JY (U) = J (U),
k—o0 k—o0 k—o0
and the desired result has been established O

THEOREM 4.9. Let A < 2, and, for each M = 1,2,..., let UM ¢ Q with
limy 00 UM =Uy € Q. Then VJ (Up) = limps 00 VJM (UM)

Proof. For each M = 1,2,... let ™ € W denote the unique solution to the
abstract boundary value problem given in (4.9) with U = UM and let ¢g € W de-
note the unique solution to the abstract boundary value problem given in (4.4) with
U = Uy. Then from Theorem 4.7 we know that, for each j = 1,2,..., N, there exists
Vs € W with Vutho =[], 9%, ..., ] € x), W and that, for each M =1,2,... and

eachj:1,2,...,N,thereexists¢'j € W such that Vgy™ = [w’ gb’é”,...,w’%]e
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x N, W. We show that, for each j _1 2,..., N, limyr 0’} = in W, and hence
that limy/—eo Vo™ = Vyy in X 1W Then the desired result will immediately
follow from the Sobolev embedding theorem 14]. For each j = 1,2,..., N, the co-
ercivity inequality (4.6), the fact that A < =, the definition (4.11), and estimates
similar to those in the proof of Theorem 4.8 yield

Hd’ ¢/MH < Re{aM (UMavbias;w;' - ¢/;‘V17 ; - /;\4)}
= Re{aM (U s Voias; ¥, 1) — 'M> —apm (Uo,Vbias;¢§,¢§ - W;W)
+an (Uo, Voiasi 0,0 =9} ) = a (Uo, Vosass 0,0 =97
M M
=a (UM7Vbias;w;7w; -5 ) +a (UOavbiaS;¢;;¢;‘ —'; )
—am (UM7 Vbias§¢/§wa P — W;—w)}
v,

+%/ VM (2) = V (2)] Iw;- ()|

w; (@) = v} (@)|do

72
M M
+ Vwé” J (Wj — ' ) by (‘/’/j — )‘
oo o= i -, - 2 g g -
w
2m K2
0 [|[™ = 4o /MH
where once again B = — Ak2 > 0. It then follows that
2 2
M o M 2mok? |Viias)
R e L IR = v L1
2m0/<: M
2 i —
and, therefore, making use of the estimate given in (4.12), that
M YK 2m0/<: M
‘d’é‘_‘/’/a‘ ng{ 5 llw + 2T W’OHW}HU UoH
2m0:‘$ |Vb1a5| 4m K |Vbias| 1
(4.13) + {T "5l + 0527714 [[%olly, i
from which the desired result then immediately follows. |

It is in fact also possible to characterize both the gradient of J and the gradient
of JM and the convergence of VJM to V.J as M — oo through the use of an adjoint
and a costate variable. Indeed, for each Uy € Q, j = 1,2,..., v, a straightforward
calculation yields the adjoint and gradient formula

a(Uo, Vi;¢j,¢) = (f,@) for every p € W,

a(Uo, Vj;0,m5) = (g5 (¥5), )  for every p € W,
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(4.14)
VJ(U)

ZmORZVm b3 ()05 (@ dx/ e

where, for p,9 € W, g; () € W* is given by

/1/)3 ng)l,

(0000 = =582 | (1) = B s o (o) o)

Similarly, for each j =1,2,...,v, each M =1,2,..., and UM € Q, we have

M (UM,Vj;iﬁ;M,w) = (f,p) forevery p € W,

M (UM,Vj;%an) = (g5 (¥}") ;) for every p € W,

(4.15)
vJM (U)

‘2mORZM WM () d;v/ WY (@) @) / oM (@) 7 (@) de

Then if A < 5 and limy . UM = Ug € ), as in the proof of Theorem 4.8, for each
j=1,2,.. z/ we have limps o0 ¥)7 = ¢; in W, from which it is straightforward
to show limM%oo gj (wJM) = g; () in W* or, equivalently, that limM%OOHQj (@[JJM) —
@[J)HW* = 0. A coercivity argument analogous to those used in the proofs of
the theorems above can then be used to argue costate convergence. That is, we
have that limpy;— e 775\4 = 1n; in W. The convergence of the gradients given by
limys 00 VJM (Uyps) = VJ (Up) € RY then follows immediately from (4.14), (4.15),
the continuity of the H inner product, and the continuous embedding of W in H.

5. Numerical studies. In this section we present the results of some of our
numerical studies involving the approach discussed above. In particular, we consider
the optimal design of three different 10-layer devices in each of which all of the layers
have the same thickness of 1 nm. One device is to have a linear transmission function
To1, a second is to have a quadratic transmission function T2, and the third is to
have a square root transmission function Tp3. More precisely, we take

(5.1) Tor (V) = 0.1V 4 0.005,

(5.2) Toe (V) = 0.05V2 +0.015V + 0.001,
and

(5.3) Tos (V) = 0.05v/V + 0.005.

We base our design on 26 equally spaced bias voltages from Vi, = 0 V to Vipax = 0.25
V. It follows that we set N = 10; L = 10; ; = 4,47 =0,1,2,...,N; L; = 1
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i=1,2,...,N; v = 26; Viuin = 0; Vinax = 0.25; and Vj = Vi + j Y mex—Vomin
7=0,1,2,... v.

All computations were carried out on a PC using MATLAB. The resulting approx-
imating optimization problems were solved using the MATLAB constrained optimiza-
tion routine FMINCON. The requisite gradients were computed via the adjoint-based
method described in section 3.2. An initial guess for the layer potential energies had
to be supplied. We took it to be constant across all the layers of the device at 0.5 eV.
The feasible potential energy levels were constrained to remain between Uy = 0 eV
and Uy = 1 eV. In our calculations we set the incident electron energy to be £ = 0.026
eV and the effective electron mass m* = 0.07 x mg, where mg = 9.10939 x 107! kg
is the bare electron mass. This choice of m* is appropriate for an electron in the
conduction band of AlsGai_¢As.

We determined optimal designs with discretization levels M = 2, 4, 8, 16, 32,
64, 128. To evaluate the performance of our scheme we simulated the performance
of the optimal designs by evaluating the least-squares performance index (3.4), using
the propagation matrix method to solve the Schrodinger equation discretized at the
level of M = 512. To attempt to observe the convergence of the optimal designs, we
computed the relative error between the optimal design for discretization level M and
the optimal design for discretization level M = 128 in both the Ls- and Lo,-norms.
Finally we also recorded the number of FMINCON iterations that were required until
convergence was achieved and calculated the number of CPU seconds per iteration.
For each of the desired transmission coefficients given in (5.1)—(5.3), we tabulated
our results in Tables 5.1-5.3. In Figures 5.1-5.6 we plot the potential energy profiles
and the values of the transmission function at the bias voltage levels V; = Viuin +
]%, j=0,1, 2,...,v, for each of the optimal designs for each of the three
desired characteristics given in equations (5.1)—(5.3). Once again, to simulate the
actual performance of the optimal designs, in calculating the transmission functions
we discretized the Schrodinger equation using the approach we have described here
at discretization level M = 512.

TABLE 5.1
Tabulated results for the optimal potential energy profiles for Device 1 given by (5.1) for different
discretization levels.

~ M ~ 128 ~ M ~ 128
M| M (M) | e (o) HUH O | 190 | er | cPUyiter
o, o™=, (sec/iter)
2 1.73 x 1078 | 9.96 x 10~° 0.09 0.12 204 1.40
4 1.71 x 1078 | 2.22 x 10~° 0.11 0.10 32 2.62
8 1.31 x 10~8 | 0.51 x 10~° 0.12 0.18 41 5.47
16 | 1.68 x 10=8 | 0.12 x 105 0.08 0.10 46 10.72
32 | 1.63x1078 | 0.03x 1075 0.08 0.09 63 9.50
64 | 1.65 x 1078 | 0.01 x 1075 0.01 0.02 63 45.97
128 | 1.80 x 10~8 | 0.00 x 10~5 0.00 0.00 59 95.82

Inspection of the tables reveals (and not surprisingly) that performance improves
with increasing level of discretization. Also, for each device, although the locally
optimal designs we find are clustered, and some degree of convergence is observed, it
is by no means monotone.

Finally, we numerically illustrate the gradient convergence result given in The-
orem 4.9. Once again with N = 10; L = 10; 2; =4, ¢ =0,1,2,...,N; L; = 1,
i=1,2...,N; v = 26; Vigin = 0; Vipax = 0.25; V; = Vi + jYmex=Vomin for
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Tabulated results for the optimal potential energy profiles for Device 2 given by (5.2) for different

discretization levels.
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TABLE 5.2

Tabulated results for the optimal potential energy profiles for Device 3 given by (5.3) for different

discretization levels.

~ M ~- 128 ~ M ~ 128
M| M (M) ] e (T o - L | o 9 e | gter | CPUYiter
o Hz o ||oo (sec/iter)
2 1.06 x 10~8 | 7.11 x 10—¢ 0.22 0.30 26 1.67
4 1.13x 10~8 | 1.50 x 10— ¢ 0.12 0.13 38 3.02
8 0.56 x 10=8 | 0.35 x 10~6 0.04 0.05 24 5.92
16 | 1.85x 1078 | 0.11 x 106 0.15 0.17 38 10.57
32 | 1.20x 1078 | 0.03 x 10~ 0.06 0.06 34 21.85
64 | 0.51x10~8 | 0.01 x 10~6 0.09 0.10 55 44.25
128 | 1.03 x 1078 | 0.01 x 10~6 0.00 0.00 107 99.24
TABLE 5.3

. . [:17[:1128 ﬁM7ﬁ128
M| (M) ] ez (B 1o e I o™ i Iter | CPU/iter
HU Hz HU Hoo (sec/iter)
2 0.97 x 107° | 8.85 x 10~° 0.21 0.19 61 1.59
4 0.94 x 10~ | 2.67 x 105 0.11 0.09 92 3.12
8 1.33x 1075 | 1.32x 1075 0.09 0.10 125 5.49
16 | 0.92x 1075 | 1.01 x 1075 0.08 0.07 400 10.47
32 | 0.92x107° | 0.94 x 107° 0.05 0.06 96 21.81
64 | 0.92x107° | 0.92 x 107° 0.06 0.05 123 44.69
128 | 0.91x107% | 0.91 x 10~5 0.00 0.00 173 95.65
0.35 0.35
---M=128 ---M=128
0.3 it — -- M=8 0.3 == - M=64
~ M=4 . M=32
B025F e . — M=2 %025 . —M=16
feo - = —= = i
= i =
\b/ 0.2 C S 0.2
_ETO.]S EOJS
£ g
é 0.1 E 0.1
0.05 0.05
el i _mmTa =
0 e Mt 0
0 2 8 10 0 2 8 10

4 6 4 6
Position, x (nm) Position, x (nm)

Fic. 5.1. Optimal potential energy profiles for Device 1 given by (5.1) for discretization levels
M =24, 8,128 (left) and M = 16, 32, 64, 128 (right).

j=0,1,2,...,v; transmission function Ty (V') = Tp2 (V) given in (5.2) (i.e., Device 2);
and U = {Ui}i]il e RY randomly generated, we used the adjoint-based scheme de-
scribed in section 3 to compute VJM (U) € RY for M = 2,4,8, ...,2048. To illustrate

VM (U)_ v .J2048 (g
| H(VJ)2°48(U)H2( . for M' = 4,8,...,1024.
The linear convergence predicted by the estimates (4.12) in the proof of Theorem 4.8

and (4.13) in the proof of Theorem 4.9 is immediately evident in the table.

convergence, in Table 5.4 we tabulated |
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Fic. 5.2. Simulated value of transmission function at bias voltage design values using optimal
potential energy profiles for Device 1 given by (5.1) for discretization levels M = 2, 4, 8, 128 (left)
and M = 16, 32, 64, 128 (right).
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F1c. 5.3. Optimal potential energy profiles for Device 2
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F1c. 5.4. Simulated value of transmission function at bias voltage design values using optimal
potential energy profiles for Device 2 given by (5.2) for discretization levels M = 2, 4, 8, 128 (left)
and M = 16, 32, 64, 128 (right).
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0.4 ! . 0.4 .
[t ---M=128 s--M=128
0.35 J- | --M=8 0.35 -- M=064
R H
~ 03 ! ¢ M=4 ~ 03l M=32
@ i — M=2 5 — M=16
QO.ZS QO,ZS
= 02 = 02
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0 ‘ P = o ‘ I
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Fic. 5.5. Optimal potential energy profiles for Device 3 given by (5.3) for discretization levels
M =2,4,8, 128 (left) and M = 16, 32, 64, 128 (right).

0035 ; ; ; ; 7 0035
+

R + M=2 Lt M X N + M=16
§ 0.03 M4 ) +MV § 0.0 M=32 Mé}/
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= 001,/ = 0.01,/
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0.005 : : : : 0.005 : : : :
0 005 0.1 0.15 02 025 0 0.05 0.1 0.15 02 025
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Fic. 5.6. Simulated value of transmission function at bias voltage design values using optimal
potential energy profiles for Device 3 given by (5.3) for discretization levels M = 2, 4, 8, 128 (left)
and M = 16, 32, 64, 128 (right).

TABLE 5.4
Tabulated results showing the linear convergence of the gradients of the approximating perfor-
mance indices predicted in the proofs of Theorems 4.8 and 4.9. The gradients were computed using
the adjoint-based scheme discussed in section 3.

M 4 8 16 32 64 128 256 512 1024
||VJM(U)—VJ2O48 (u) ”2
[v/2om )],

0.0616 | 0.0313 | 0.0157 | 0.0078 | 0.0039 | 0.0019 | 0.0009 | 0.0004 | 0.0001

One might ask how well our approach performs when compared to other schemes
for this design problem found in the literature. The only other two treatments with
which we are familiar are those detailed in [2] and [3]. In [2] the authors identify the
optimal design via an exhaustive search of a discretization of the admissible potential
set

Q:{U:{Ui}fvzleRN:ULgUigUH,i:1,2,...,N}.

The level of discretization would depend on the desired degree of precision in the
optimal layer potentials. Indeed, if the desired degree of precision in each of the N
layer potentials is 10~%, then the number of times that the forward system would
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have to be solved in an exhaustive search of the admissible potential set 2 would be

approximately ((Ug — UL) 10d)N. On the other hand, the results presented in Tables
5.1-5.3 required the forward system and the adjoint system to be solved approximately
10 times per iteration. In those examples we had N = 10 potential layers, Uy, = 0 eV,
and Uy = 1 eV, and the convergence criterion was set at 107'2. So, for example,
referring to Table 5.1 with M = 16, 41 iterations of the optimization loop were
required. Consequently, combining the effort required to solve both the forward and
the adjoint system amounted to 2 (forward and adjoint) x 10 (solutions per iteration)
x 41 (iterations) or 820 system solutions. On the other hand, an exhaustive search
of the admissible parameter space to obtain a level of precision of 107!2 would have
required approximately ((1 -0) 1012) 10— 10120 system solutions.

A meaningful comparison with the approach detailed in [3] is not really possi-
ble since the authors in that treatment do not formulate the underlying problem in
the same way we did here. Indeed, they take the number of potential layers to be
optimized over, N, to be the same as the level of discretization, M. In our case, the
number of potential layers is a design criteria set a priori. When M is equal to N,
computing the requisite gradients is considerably easier than it is in our setting.

A comparison is possible which highlights the benefits derived from the trans-
formation of the underlying state constraints from a boundary value problem into a
terminal value problem and the use of the adjoint method for the efficient computation
of gradients. To carry out this comparison we first reformulate the N M +1 2 x 2 linear
systems in 2N M + 4 unknowns given in (3.8) and the two boundary conditions given
in (3.9) into a single (2N M + 2)-dimensional linear system of equations in 2N M + 2
unknowns. Indeed, by making use of the boundary conditions (3.9) to move the two
determined quantities A}’ = Ay and By, = 0 to the right-hand side, we obtain
the (2N M + 2)-dimensional linear system

(54) AM (U;Vbias) XM = b(])wa
where
T
XM =[By AY BY Ay BY .. ANy, B¥y ANwa ]
bM = [ —Agetoro  —ikyAgettoro 0 ... 0],
[vo Q' 0 0 ]
o 1 -pPM
_pM
(5.5)  AM (U, Vi) = R ,
I —Pyy, O
0 0 QM v
L N N 4

with P,]Y = P,]Y (U, Vhias), n =1, 2,..., NM—1, are as they were defined in (3.8), I is
the 2 x 2 identity matrix, vy = [ e~ koo _jg,e~ikozo ]T, vy = [ -1 —ikyi1 ]T,

g M ;M aM M
QM —1 —1 q QM el LN e FNmLInm
= . . an = o.M M s M M
0 —lk{w lk{w N ik%MelkNMLNM _ik%Me*‘kNMLNM
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Under mild assumptions on the total energy E, the layer potentials U = {Ui}ij\il,
and the bias voltage Viias, Theorem 4.5 implies that the matrix given in (5.5) is
nonsingular and, consequently, that the linear system given in (5.4) admits a unique
solution. If, for each j =1, 2, ..., v, we define the (2N M + 2)-dimensional row vector
Cj by

' =10 0 - VEnii/ (VERoAo) |,

the performance index (3.10) can now be written as

v

(5.6) JMU) =Y

Jj=1

22
To (V, ‘ MXM (U, V)‘

)

where XM (U, Viias) is the unique solution to the linear system (5.4) corresponding
to the layer potentials U and bias voltage Viias.

The gradient with respect to U, VJM (U), of the performance index JM given
in (5.6) can also be computed via the application of the static form of the adjoint

method described in section 3.2. For each j = 1,2,..., v, we define the adjoint system
by
(5.7) AM (U V) ZY = 4 (M) M XM <T0 ~ Jesrx| )

where the entries in the (2N M 42)-dimensional vector Z;-W are known as the adjoint or

costate variables, Xj»w = XM (U, V;) is the unique solution to the linear system (5.4)
corresponding to the layer potentials U and the bias voltage V}, and A* denotes the
conjugate transpose of a matrix A with complex entries. Note that nonsingularity of
the matrix A™ (U, ;) given in (5.5) ensures that the adjoint system admits a unique
solution Z;-W. Then

vJM (U) = —22 <T0 — | x| ) {oRe (X3)" (1) cMox! [ou})
_ —ZRe (z31) A (U, vy ox)! /oU
(5.8) _ XV: Re (22') ’ (o4 (U vy) JoU) X"

where in the final expression in (5.8) we have used the identity
AM (U, Viias) (aXJM / aU) - (aAM (U, Viins) / aU) XM

which follows immediately by differentiating (5.4). We note that the arguments given
in section 4 guarantee that the matrix A™ (U, V}) and the vector XJM =2 SHUA
are both differentiable with respect to U.

It now follows that in each step of an iterative optimization scheme, both the value
of the performance index JM and its gradient VJ™ (U) can by computed efficiently
by sequentially solving the two linear systems (with only a single LU decomposition
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TABLE 5.5
Tabulated results showing CPU time (in seconds) that it took to calculate the value of the
performance index JM and its gradient V.JM (U) for different levels of discretization M for both the
boundary value (BV)- and terminal value (T'V)-based schemes using both finite differencing (FD)
and the adjoint (A) to compute the gradient.

Method\M | 2 1 3 16 32
BVFD | 88 | 20.5 | 108.4 | 898.0 | 66115
BV A 18 | 41 | 21.7 | 179.6 | 13223
TVFED | 50 | 75 | 152 | 30.1 | 63.0
TV A 10| 15 | 30 6.0 12.6

required because the two system matrices are the same up to conjugate transpose)
(5.4) and (5.7),

AM (U, V) XM =bj" and
« 2
(5.9) AM U, V) ZY =4 (M) XY <T0 (V3) — }CJMXH )

and then computing the sum (5.6) and inner product in the final expression in (5.8)
given by

v

T =3

Jj=1

2
)

2
Ty (V;) — ‘CJMXJM‘

(5.10) vJM (U) = iRe (ZJM) (8AM (U, Vi) /aU) XM,
j=1

In Table 5.5 we compare the amount of CPU time (in seconds) required to compute
the value of the performance index and the gradient for a sample problem involving
N = 10 potential layers and v = 26 bias voltages for different levels of discretization
M by the boundary value problem formulation just described with the terminal value
problem reformulation studied in sections 3 and 4. In each case we compute the
gradient using both finite differencing and the adjoint method. It is immediately
clear from the table that, for all levels of discretization, in both the boundary value
and terminal value formulation, the adjoint method takes about one fifth as much
time as the finite-difference method. This is not surprising since with 10 potential
layers, the finite-difference method requires 11 system solutions, whereas the adjoint
requires only 2 (i.e., the forward system and the adjoint system). What is more
striking, however, is the significant savings in time afforded by the use of the terminal
value formulation as the level of discretization increases. Indeed, in the case of the
terminal value formulation, CPU time grows linearly with M, while in the case of
the boundary value formulation, an elementary fit of the data reveals that CPU time
growth is proportional to M® | where « is approximately 2.5.

6. Discussion and conclusion. We have developed a scheme for efficiently
identifying optimal designs of electronic devices whose physical behavior is deter-
mined by solutions of the Schréodinger equation. Our general approach was illustrated
by determining the locally optimal conduction band potential energy profile V(z)
for desired electron transmission as a function of applied voltage bias across a semi-
conductor device. The optimal design problem was formulated as the minimization
of a least-squares performance metric. The elastic scattering of an electron incident
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on the potential required for the evaluation of the performance metric was calcu-
lated by a propagation matrix method that uses a piecewise constant approximation
for V(z). The underlying boundary value problem was reformulated as a terminal
value problem. In this way the efficient computation of highly accurate gradients
of the transmission coefficient with respect to the design parameters in the form of
layer potentials required for optimization became amenable to the use of the adjoint
method as it is typically applied in the context of evolution equations. We were able
to rigorously establish the numerical stability of the method and the convergence of
the approximating solutions to the state equations and their gradients with respect
to the design parameters as well as the convergence of the solutions to the resulting
approximating optimal design problems to an optimal design for the original infinite
dimensional device.

Numerical studies show the utility of our approach for achieving control over
electron transmission as a function of voltage bias. Linear, square, and square-root
dependence of transmission over a finite range of applied bias is achieved, illustrating
control over what is typically an exponential dependence of transmission for simpler
potential energy profiles. As pointed out in [2], electron transmission is altered by ad-
dition of potential energy steps that give rise to broad resonances. Also, as discussed
in [2], the superposition of these resonances is both the mechanism by which transmis-
sion is controlled and the reason why solutions are stable against small perturbations.
The nonmonotone convergence of locally optimal design with increasing discretiza-
tion observed in Figures 5.1-5.6 may also be attributed to the same superposition of
broad resonances due to potential energy steps. The locally optimal potential energy
profiles V(z) are nonintuitive in the sense that, at least initially, it is difficult to use
previous experience to determine the transmission as a function of potential bias and
the range of values of potential bias over which it applies.

Useful extensions of the work presented here include calculation of electron current
as a function of applied voltage bias across the device and incorporation of Poisson’s
equation to solve for finite depletion in the electrodes. Comparing our theoretical
predictions with results from laboratory experiments would validate our approach to
device design. Also of interest are approaches to global optimization, dimensionality
reduction, and robustness that exploit the methods described in this paper.

We anticipate that our general approach could be appropriately modified and be
of great help in determining optimal configurations of other forms of electronic devices
that operate based on the principles of quantum mechanics. It is a potentially efficient
approach to realizing otherwise nonintuitive device designs.
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